Abstract-The integral forms of the Kramers-Kronig (KK) relations that relate the real and imaginary parts, n' and n", of a refractive index require the integral to be conducted over the full spectrum. In this paper, we derive a differential form of the KK relation that removes the need for knowing n" at all frequencies (ω) in order to calculate n', which is more useful in measurements. Moreover, we show that, in a finite frequency range, our differential form of the KK relation can more accurately generate a resonant effective n' for an artificial medium composed of a periodic structure than do the integral forms of the KK relations, making use of n" as obtained from a full-wave simulation.
INTRODUCTION
The refractive index has proven to be a useful measure as it represents physical properties such as optical density, electromagnetic loss, etc. The imaginary part of the refractive index can be obtained with relative ease from transmission/reflection (T/R) measurements for a test sample, while the determination of the real part may encounter considerable difficulties. One well-known example is that equations for extracting the real part from T/R measurements involve the calculation of the natural logarithm and finding a correct branch cut for it may be ambiguous when measuring very dispersive materials [1] .
It is well known that the Kramers-Kronig (KK) relations in integral form are commonly used to relate the real and imaginary parts of the refractive index to one another. Attempts [2] [3] [4] to determine real parts from imaginary parts require that the integrals be done over all frequencies; this is not straightforward and favorable when we use imaginary parts obtained from measurements in finite frequency ranges.
In this paper, as O'Donnell et. al. [5] did to evaluate material compressibilities from ultrasonic wave propagations, we derive a 1st-order differential form of the KK relation to avoid integrating over the entire spectrum. We then use results from a full-wave simulation to compare the differential and integral approaches.
II. THEORY
Let the complex refractive index n be n = n'−jn". The KK *U.S. government work not protected by U.S. copyright. relation in the conventional integral form, which connects the real part n' to the imaginary part n" of the refractive index n [2] , is
where n ∞ ′ is the real part of the refractive index in the limit ω → ∞ , and P denotes the principal value of the integral. We see that (1) requires that we integrate with respect to the frequency ω' from 0 to infinity.
In order to avoid measuring and integrating the full spectra, we here find a differential form of the KK relation, assuming that n" is smooth enough in the measurement frequency range to be differentiable with respect to ω. Substituting ln x ω ω ′ = into (1) and integrating by parts give
where ( ) ( )
where l is an integer. Since
As a result, we obtain the 1st-order differential form of the KK relation:
Note that this 1st-order differential representation is sufficient and usable to represent a refractive index when both of n' and n" simultaneously monotonically increase/decrease as frequency is increased, as n that is produced by Lorentz ε r and μ r with a resonance at the same frequency. If we need to characterize n that has more complex dispersive characteristics (e.g., n that is generated by Drude ε r and Lorentz μ r ), we should include higher-order terms in the above expression.
III. RESULTS AND DISCUSSION
We have tested out the differential form of the KK relation (5) using data simulated with a commercial full-wave simulator. Fig. 1 illustrates the geometry for the simulation, where an artificial medium is composed of 7 magnetodielectric spheres periodically arranged in the z-direction. In the simulation model, a perfect electric conductor (PEC) and a perfect magnetic conductor (PMC) are assigned respectively to the y-z and z-x planes of the waveguide walls to simulate the infinitely periodic structure in the x-and y-directions. A transverse electromagnetic (TEM) wave, which is normally incident upon the x-y plane, propagates along the z-axis. In Fig.  1 , the spheres' permittivity and permeability are configured to be ε r = μ r = 50−j0.05, the radius r = 4.4 mm, and the period a = 10 mm. Since we have chosen the values of ε r and μ r of the spheres to be the same, we expect this artificial medium to simultaneously exhibit resonances in the effective permittivity and permeability at the same frequencies, each of which can be approximated by the Lorentz model, and as a consequence will similarly show Lorentz resonances in the effective refractive index at the same frequencies. Fig. 1 . Geometry of the full-wave simulation.
As shown in Fig. 2 , we have computed n' from n" (n" is not shown here) using the differential KK (5), conventional KK integral (1), and subtractive KK (SKK) integral [2] [3] [4] . In this paper, the conventional KK and SKK have been applied in the finite frequency range, 0.7---1.2 GHz. The SKK formulation was proposed as an integral form for better convergence, if n' data are known at a certain frequency point as an anchor, than that of the conventional KK integral. For the SKK analysis in Fig. 2 , we have selected the anchor to be n' = 4.025 at 0.9 GHz.
We observe from Fig. 2 that n' calculated from our differential equation switches its sign, positive to negative, at 0.9446 GHz and exhibits a very recognizable resonance around 0.9---1.0 GHz, as does the one obtained with the exact method [6] , whereas the results obtained with the integral equations are almost constant (very small bumps) and do not exhibit negative n'. Fig. 2 . n' computed from the differential (blue), conventional KK (pink), SKK (red), and exact (dotted green) methods with simulated n".
Resonances that occur in this kind of artificial medium composed of inclusions by periodic arrangements appear as harmonics, but the conventional and SKK integrals need to know n" at all frequencies (ω) and cannot account for the contribution due to resonances outside the simulation frequency range of 0.7---1.2 GHz. In contrast, our differential equation does not suffer from such a constraint, knowledge of n" at all ω, and consequently produces better results than do the integral-form equations. Note that, in the test case with the periodic artificial medium, if k 0 is the wave number in vacuum, the homogenization limit |k 0 n'a | < 1 needs to be satisfied, and therefore we should discard n' calculated at frequencies of 0.92---0.95 GHz, where |k 0 n' (exact) | > 1/a = 100.
